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Charge Quantization in a Normal Coulomb Island Strongly Coupled to a Superconductor
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We study the charge of a small normal island connected by a tunnel junction to a superconducting
lead. Unlike in theN-I-N case, the steps of the Coulomb staircase remain sharp even when the
conductance of the tunneling barrier exceedse2yh. One can observe the transition from sharp steps to
smeared ones by applying a magnetic field to destroy the superconductivity. [S0031-9007(98)07516-4]

PACS numbers: 73.23.Hk, 74.80.Fp
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The charge of a small conducting island weakly co
pled to an electron reservoir (lead) by a tunneling barri
shows a steplike dependence on the gate voltage due
the well-known phenomenon of Coulomb blockade [1
It was shown in Refs. [2,3] that the quantization of charg
is not precise: the processes of virtual tunneling betwe
the lead and the grain result in the smearing of char
steps. The smearing is especially dramatic in the regi
of strong tunneling, when the conductanceG of the tun-
neling barrier is large,G * e2yh. The evolution of the
charge quantization with the increasingG was studied in
semiconductor quantum dots, where the junction condu
tance can be tuned betweenG  0 andG , e2yh [4–6].
Charge quantization was also observed [7] in a metal
“electron box” device, yielding a sharp Coulomb stairca
at small G. In a metallic device, one can achieve th
tunneling junction conductanceG ¿ e2yh; Ref. [8]. In
this case, theory [9–11] predicts only weak oscillation
of charge, with amplitude,e exps2hGy2e2d. However,
the layout of a metallic device does not allow one to va
the junction conductance, and the crossover between w
and strong tunneling cannot be observed in one device

In this paper we study quantum fluctuations of th
charge of a normal grain connected by tunnel junction to
superconducting lead. We show that due to the existen
of the gapD in the lead the steps of the Coulomb stairca
remain vertical at anyG. The fluctuations result in a finite
slope of the plateaus of the staircase. Unlike theN-I-N
case, the slope may remain small even atG ¿ e2yh. One
can suppress the gap by applying a magnetic field [
thus achieving a crossover between the limits of weak a
strong charge fluctuations in one sample. The main res
of the paper is illustrated by Fig. 1, obtained under th
assumptionD ¿ EC, whereEC  e2y2C is the charging
energy of the electron box, andC is its total capacitance.

To account for the Coulomb interactions, we includ
the charging energy termsQ̂ 2 qd2y2C into the Hamil-
tonian Ĥ of the system. The external chargeq here is
proportional to the gate voltage. Then by statistical ave
aging of the obvious relation≠Ĥy≠q  sq 2 Q̂dyC, we
find the average charge of the grain

Qsqd ; kQl  q 2 C
≠Fsqd

≠q
. (1)
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HereFsqd  2T ln Zsqd is the free energy.
To find the partition functionZsqd, we use the stan-

dard effective action approach by Ambegaokar, Eck
ern, and Schön [12]. In this formalism an auxiliary
Hubbard-Stratonovich fieldwstd is introduced to replace
the quadratic inQ̂ interaction term by a linear one. The
electronic degrees of freedom are then traced out, resu
ing in the following expression for the partition function:

Zsqd 
1X̀

m2`

Zmei2pmqye, (2)

with

Zm 
Z wsbd2pm

ws0d0
Dwstd exp

(
2

Z b

0

C Ùw2

2e2 dt 2 Stfwg

)
.

(3)

Here the summation over winding numbersm accounts
for the discreteness of charge [13], andb is inverse
temperature. The tunneling contributionStfwg to the
effective action was evaluated for a wide junction in

FIG. 1. Coulomb staircase for a normal grain connected
a superconducting lead. The steps remain vertical at a
conductance. The plot corresponds to the caseD ¿ EC , and
G  se2yh̄dDyEC ; see Eq. (7). Note thatG ¿ e2yh̄.
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Ref. [12]. It is nonlocal in timet; however, at largeD ¿
EC its contribution reduces to a mere renormalization o
capacitanceC in the action in Eq. (3). The magnitude of
the renormalization was found in Ref. [14]. In the cas
of N-I-S junction the renormalized capacitance is

C̃  C 1 h̄Gy2D . (4)

In this approximation the action in Eq. (3) is quadratic
and we can easily find the dependence ofZm on the
winding number,

Zm  Z0 exp

"
2

C̃
2e2

s2pmd2

b

#
. (5)

To study Zsqd at low temperaturesT ø e2yC̃, it is
convenient to transform the partition function (2) with the
help of the Poisson summation formula. Equations (2
and (5) then yield

Zsqd  Z0

s
e2

2pC̃T

1X̀
n2`

exp

"
2

sne 2 qd2

2C̃T

#
. (6)

The largest term in sum (6) corresponds to an integern
which is closest toqye. At T ! 0 this term dominates
the sum and using Eqs. (1) and (4) we find

Qsqd  e Int

µ
q
e

1
1
2

∂
1

q 2 e Ints q
e 1

1
2 d

1 1
D

EC

e2

h̄G

, (7)

where Intsxd is the integer part ofx. This is the central
result of the paper; see also Fig. 1. AtG ! 0 the second
term in Eq. (7) vanishes, leading to a perfect staircas
At nonzeroG the second term describes the finite slop
of the plateaus. According to Eq. (7) the steps inQsqd
remain sharp at any conductance in contrast to the ca
of a normal lead. Even atG , e2yh̄ the heights of the
stepseys1 1 EC h̄GyDe2d are still close to their nominal
valuee.

The fact thatQsqd is discontinuous at half integer
qye is due to the density of states in the superconduct
vanishing at the Fermi level, and therefore does not re
on the assumptionD ¿ EC. Indeed, it is known [3] that
the problem of charge fluctuations in an electron box ca
be mapped onto an effective spin-1

2 Kondo problem. It
follows from Eq. (30) of Ref. [3] that the height of the
charge step isdQ  2em, wherem is the renormalized
value of the spin of the Kondo impurity. In the case o
a normal metal the spin is completely screened,m  0,
and the steps are smeared completely,dQ  0. If at
least one of the leads is a superconductor, the spinm is
not completely screened, and the step heightdQ remains
finite.

At finite but low temperatureT ø e2yC̃, the steps
are smeared slightly. To account for the smearing, o
needs to retain two terms withn  Intsqyed and n 
Intsqyed 1 1 in the sum (6). In this approximation the
3740
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charge becomes

Qsqd  e Intsqyed 1
C̃ 2 C

C̃
fq 2 e Intsqyedg

1 e
C
C̃

"
1 1 exp

√
e2fInts q

e d 1
1
2 2

q
e g

C̃T

!#
21

.

(8)

One can easily check that in the limit of zero temperatur
this result reproduces Eq. (7).

The effective action technique used here is applicab
for tunnel junctions of a wide area, where the conductanc
is distributed over a large numberN ¿ 1 of transverse
modes. At finiteN one may have to take into account the
possibility of two-electron (Andreev) tunneling. Although
the steps in the dependenceQsqd remain vertical, the
plateau conductance due to such processes acquires a c
rection, which can be estimated asdQ , sh̄Gye2d2N21.
The diffusion of electrons inside the grain may enhanc
this correction. The result can be expressed in terms
an effective number of channels [15]Neff & N , which
still remains very large due to the smallness of the Ferm
wavelength in metals.
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